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1. INTRODUCTION
 Bellman 2, 3 was the first to study the existence and uniqueness
problems of solutions for certain classes of functional equations arising in
 dynamic programming. Bellman and Roosta 5 obtained an approximation
solution for a class of the infinite-stage equation arising in dynamic
programming.
 As stated in Bellman and Lee 4 , the basic form of the functional
equations of dynamic programming is
f x  opt H x , y , f T x , y , 1.1Ž . Ž . Ž .Ž .Ž .
y
where x and y represent the state and decision vectors, respectively, T
Ž .represents the transformation of the process, and f x represents the
Ž .optimal return function with initial state x here opt denotes sup or inf .
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    Ž .As suggested in Wang 1113 and Chang and Ma 9 , the form 1.1 may
be generalized to
f x  opt H x , y , g T x , y 1.2Ž . Ž . Ž .Ž .Ž .
y
and
f x  opt u x , y G x , y , g T x , y ,Ž . Ž . Ž .Ž .Ž .
y
1.3Ž .
g x  opt u x , y  F x , y , f T x , y .Ž . Ž . Ž .Ž .Ž .
y
   Baskaran and Subrahmanyan 1 , Bhakta and Choudhury 6 , and Bhakta
 and Mitra 7 considered the existence and uniqueness problems of solu-
Ž .  tions of functional equation 1.1 under certain assumptions. Chang 8
obtained the existence theorems of coincidence solutions of system of
Ž .functional equations 1.3 .
In this paper, we study the existence, uniqueness, and iterative approxi-
Ž .mation of solutions of functional equation 1.1 by using fixed point
theorems and obtain the existence theorems of coincidence solutions for
several new classes of systems of functional equations arising in dynamic
programming of multistage decision processes. Our results generalize,
 improve, and unify the corresponding results of Bellman 2 , Bellman and
     Roosta 5 , Bhakta and Choudhury 6 , Bhakta and Mitra 7 , and Chang
 8 .
Throughout this paper, let N and  be the sets of positive and
Ž .  .nonnegative integers, respectively, R , and R  0, . Define
   :  : R  R is nondecreasing, right continuous,1  
and  t  t for t 0 ,4Ž .
   :  : R  R is nondecreasing and lim  n t  0 for t 0 , 4Ž .2   n

n   :  : R  R is nondecreasing and  t   for t 0 ,Ž .Ý3  ½ 5
n0
   :  : R  R is nondecreasing, right continuous,4  
and satisfies condition  ,4Ž .
Ž .where condition  is defined as follows:
Ž . Ž . For any a R , there exists c c a  R such that for all 
t R ,
t	 a  t  t	 c and  n c  0 as n .Ž . Ž .
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Ž . Ž .Clearly,  
  and  
 . If r 0, 1 and if  t  rt for all2 1 3 1 4
t R , then   . The following result is evident. 3 4
LEMMA 1.1. Let a, b, and c be in R. Then
    4  4opt a, c  opt b , c 	 a b .
2. FIXED POINT THEOREMS
 4Let X be a nonempty set and let d be a countable family ofn n N
Ž .pseudometrics on X such that for any distinct x, y X, d x, y  0 fork
some kN. Define
 1 d x , yŽ .k
d x , y   for x , y X .Ž . Ý k 1 d x , y2 Ž .kk1
 4It is easy to see that d is a metric on X. A sequence x in Xn n N
Ž .  4converges to a point x in X iff d x , x  0 as n  and x is ak n n n N
Ž .Cauchy sequence iff d x , x  0 as n, m  for each kN. Letk m n
Ž . Ž .f : X, d  X, d be a mapping. For A X, x, y X, and k, nN, let
O x , n  f i x : 0	 i	 n , O x  f i x : i  , 4  4Ž . Ž .f f
O x , y O x O y ,  A  sup d a, b : a, b A . 4Ž . Ž . Ž . Ž . Ž .f f f k k
X is said to be f-orbitally complete iff every Cauchy sequence that is
Ž .contained in O x for x X converges in X. In the rest of this section,f
Ž .we assume that the metric space X, d is f-orbitally complete.
THEOREM 2.1. Suppose that the following conditions hold.
Ž . Ž .a1 For any kN and x X, there exists p k, x  0 such that
Ž Ž .. Ž . O x 	 p k, x .k f
Ž .a2 There exists  such that1
d fx , fy 	   O x , yŽ . Ž .Ž .Ž .k k f
for any kN and x, y X.
 n 4Then f has a unique fixed point w in X and the iteratie sequence f x n N
conerges to w for each x X.
Proof. Let k be in N and let x be an arbitrary point of X. Define0
n Ž . Ž Ž ..x  f x and d  d x   O x for nN and i . Sincen 0 k i k i 0 k f i
 4d is nonincreasing and bounded below by 0, it converges to ak i i 
number r 0. Suppose that r 0. Given  0, there exists jN with
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Ž .r	 d  r  for all i j. It follows from a1 thatk i
d f n1 x , f m1 x 	   O f n x , f m xŽ .Ž . Ž .Ž .k 0 0 k f 0 0
	   O f i j x   dŽ .Ž .Ž .ž /k f 0 k ij
for all n, m i j. This implies that
d 	  d .Ž .k ij1 k ij
Letting j , by the right continuity of  we have
0 r	  r  r ,Ž .
which is a contradiction. Therefore,
lim d x  r 0 2.1Ž . Ž .k i 0
i
 n 4  n 4and f x is a Cauchy sequence. Thus f x converges to some0 n N 0 n N
Ž .point w X, because X, d is f-orbitally complete.
 Ž m m . 4  4Set c  sup d f x , f w : m n for all nN. Then c isk n k 0 k n n N
nonincreasing and c  s for some s 0. We claim that s 0; other-k n
Ž . Ž .wise, s 0. Note that d x 0, d w 0, and c  s as n . Thusk n 0 k n k n
Ž .for any  0, there exists mN such that s	 c  s  , d x  k n k n 0
Ž . Ž .and d w   for all nm. Let i, j . It follows from a1 thatk n
d f m i1 x , f m j1 wŽ .k 0
	   O f m i x , f m jw 	   O f m x , f m wŽ .Ž . Ž .Ž . Ž .ž /k f 0 k f 0
	  d x  d w  c ,Ž . Ž .Ž .k m 0 k m k m
which implies that
s	 c 	  3 s .Ž .k m1
Letting  0, we have
0 s	  s  s,Ž .
Ž n n .a contradiction. Hence s 0 and d f x , f w  0 as n .k 0
Ž n n .We now prove that d f x , f w  0 as n . Choose any  0.0
1 kDetermine pN with Ý 12   . Whereaskp1 2
p n n1 d f x , f wŽ .k 0
  0 as n ,Ý n nk 1 d f x , f w2 Ž .k 0k1
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we can find some MN such that for nM,
p n n1 d f x , f w 1Ž .k 0
   .Ý n nk 1 d f x , f w 22 Ž .k 0k1
This gives that for nM,
p n n1 d f x , f wŽ .k 0n nd f x , f w  Ž . Ý0 n nk 1 d f x , f w2 Ž .k 0k1
 n n1 d f x , f wŽ .k 0 Ý n nk 1 d f x , f w2 Ž .k 0kp1
1 1
    .
2 2
Ž n n . nThat is, d f x , f w  0 as n . Note that f x  w as n . It0 0
follows that f n w w as n .
We next prove that for any iN,
d w  d w    d w . 2.2Ž . Ž . Ž . Ž .k 0 k1 k i
Ž . Ž .Suppose that d w  d w . Note thatk 0 k1
d w max sup d f n w , w : nN , d w 4 4Ž . Ž . Ž .k 0 k k1
 sup d f n w , w : nN . 4Ž .k
So, for any nm 1 we have
d w , f m w 	 d w , f n w  d f m w , f n wŽ . Ž . Ž .k k k
	 d w , f n w  d w .Ž . Ž .k k1
Letting n , we get
d w , f m w 	 d wŽ . Ž .k k1
for all mN. This gives that
d w 	 d w ,Ž . Ž .k 0 k1
Ž . Ž .  Ž .4a contradiction. Hence d w 	 d w . Whereas d w is nonin-k 0 k1 k i i N
Ž . Ž . Ž .creasing, so d w  d w . That is, 2.2 holds for i 1. Suppose thatk 0 k1
Ž .2.2 holds for some i j. Now for i j 1, if
d w  d w    d w  d w ,Ž . Ž . Ž . Ž .k 0 k1 k j k j1
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then as in the preceding proof we have
d w max sup d f n w , f jw : n j , d wŽ . Ž . 4Ž . 4k j k k j1
 sup d f n w , f jw : n j . 2.3Ž . 4Ž .k
Ž .It follows from a2 that for all iN,
d f jw , f j i w 	   O f j1 w , f j i1 w   d w . 2.4Ž . Ž .Ž . Ž . Ž .Ž .ž /k k f k j1
Ž . Ž .From 2.3 and 2.4 we have
0 d w 	  d w  d w ,Ž . Ž . Ž .Ž .k j k j1 k j1
Ž .a contradiction. Therefore, 2.2 holds for i j 1. Thus, by induction we
Ž .conclude that 2.2 holds for all iN.
Ž . Ž . Ž .2.1 and 2.2 ensure that d w  0. It follows thatk 0
 1 d w , fw 1 d wŽ . Ž .k k 0
d w , fw   	   0.Ž . Ý Ýk k1 d w , fw 1 d w2 2Ž . Ž .k k 0k1 k1
Therefore, w fw. That is, w is a fixed point of f. If f has another fixed
Ž .point   X, by a2 we have
d w ,   d fw , f 	   O w ,    d w ,  ,Ž . Ž . Ž . Ž .Ž .Ž .Ž .k k k f k
Ž .which implies that d w,   0. Hencek
 1 d w , Ž .k
d w ,     0.Ž . Ý k 1 d w , 2 Ž .kp1
That is, w . Thus, f has a unique fixed point w X. This completes
the proof.
Remark 2.1. Theorem 2.1 generalizes Theorem 2.1 of Bhakta and
   Choudhury 6 and Theorem 1.1 of Bhakta and Mitra 7 .
THEOREM 2.2. Suppose that the following condition holds.
Ž .a3 There exists  such that4
d fx , fy 	  max d x , y , d x , fx , d y , fy , d x , fy , d y , fx 4Ž . Ž . Ž . Ž . Ž . Ž .Ž .k k k k k k
for any kN and x, y X.
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Then
Ž .i f has a unique fixed point w in X and the iteratie sequence
 n 4f x conerges to w for each x X.n N
Ž . Ž n . nŽ Ž Ž ...ii d f x , w 	  c d x , fx for all k, nN.k 0 k 0 0
Proof. Let k be in N and let x be an arbitrary point of X. Define0
x  f n x for all nN. We first prove that for each nN, there existsn 0
 4p 1, 2, . . . , n satisfying
d x , x   O x , n . 2.5Ž . Ž . Ž .Ž .k 0 p k f 0
 4 Ž .For any i, j 1, 2, . . . , n , by a3 we have
d x , x  d fx , fxŽ . Ž .k i j k i1 j1
	  max d x , x , d x , fx , d x , fx ,Ž . Ž . Ž .ž k i1 j1 k i1 i1 k j1 j1
d x , fx , d x , fx 4Ž . Ž . /k i1 j1 k j1 i1
	   O x , n .Ž .Ž .Ž .k f 0
 4 Ž . Ž .This means that there exists p 1, 2, . . . , n satisfying 2.5 . Thus, by a3
Ž .and 2.5 we have for each nN,
 O x , n  d x , x 	 d x , x  d x , xŽ . Ž . Ž . Ž .Ž .k f 0 k 0 p k 0 1 k 1 p
	 d x , x    O x , n . 2.6Ž . Ž . Ž .Ž .Ž .k 0 1 k f 0
Ž . Ž . Ž . Ž .Take a d x , x . Condition  and 2.6 ensure that there is c c ak 0 1
Ž Ž .. R such that  O x , n 	 c for all nN. This gives k f 0
 O x 	 c. 2.7Ž . Ž .Ž .k f 0
 4 Ž .We now prove that x is a Cauchy sequence. It follows from a3 ,n n N
Ž . Ž .2.5 , and 2.7 that for any m n 1, there exist positive integers
Ž Ž ..p , p , . . . , p such that p 	 m n i,  O x , m n i 1 2 n i k f ni
Ž pi .  4d x , f x for i 1, 2, . . . , n and thatk ni ni
d x , x  d x , f mn x  d fx , fxŽ . Ž .Ž .k n m k n n k n1 m1
	  max d x , x , d x , x , d x , x , Ž . Ž . Ž .Ž k n1 m1 k n1 n k m1 m
d x , x , d x , x 4Ž . Ž . .k n1 m k m1 n
	   O x , m n 1   d x , f p1 xŽ . Ž .Ž .Ž .Ž .k f n1 k n1 n1
	  2  O x , m n 2 	 Ž .Ž .Ž .k f n2
	  n  O x , m 	  n c . 2.8Ž . Ž . Ž .Ž .Ž .k f 0
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nŽ . Ž .Note that  c  0 as n . Therefore, d x , x  0 as m, n .k n m
 4That is, x is a Cauchy sequence and it converges to some w Xn n N
Ž .because X, d is f-orbitally complete.
Ž .We next prove that w is a fixed point of f. It follows from a3 that
d w , fw 	 d w , f n1 x  d fx , fwŽ . Ž .Ž .k k 0 k n
	 d w , x   max d x , w , d x , x , d w , fw ,Ž . Ž . Ž . Ž .Žk n1 k n k n n1 k
d x , fw , d w , x 4Ž . Ž . .k n k n1
	 d w , x   d x , w  d x , x  d w , fw .Ž . Ž . Ž . Ž .Ž .k n1 k n k n n1 k
Letting n , by the right continuity of  we have
d w , fw 	  d w , fw ,Ž . Ž .Ž .k k
Ž .which implies that d w, fw  0. Sok
 1 d w , fwŽ .k
d w , fw    0.Ž . Ý k 1 d w , fw2 Ž .kk1
Hence w fw. That is, w is a fixed point of f. The uniqueness of fixed
Ž .points of f follows from a3 .
Ž .It follows from 2.8 that for any m n 1,
d x , w 	 d x , x  d x , wŽ . Ž . Ž .k n k n m k m
	  n c d x , fx  d x , w .Ž . Ž .Ž .Ž .k 0 0 k m
Letting m , we have
d f n x , w 	  n c d x , fxŽ .Ž . Ž .Ž .k 0 k 0 0
for all nN. This completes the proof.
Remark 2.2. Theorem 2.2 extends Theorem 2.1 of Bhakta and Choud-
   hury 6 , Theorem 1.1 of Bhakta and Mitra 7 , and Theorem 1 of Ciric
 10 .
3. EXISTENCE AND UNIQUENESS OF SOLUTIONS
Ž  . Ž   .Throughout this section we assume that X,  and Y,  	 are real
Banach spaces, S X is the state space, and D Y is the decision space.
Ž .We denote by BB S the set of all real-value mappings on S that are
Ž .bounded on bounded subsets of S. Clearly BB S is a linear space over R
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under usual definitions of addition and multiplication by scalars. For any
Ž .kN and a, b BB S , let
 d a, b  sup a x  b x : x B 0, k ,Ž . Ž . Ž . Ž . 4k
 1 d a, bŽ .k
d a, b   ,Ž . Ý k 1 d a, b2 Ž .kk1
Ž .    4  4where B 0, k  x : x S and x 	 k . It is easily verified that dk k N
Ž . Ž Ž . .is a countable family of pseudometrics on BB S and that BB S , d is a
complete metric space.
Ž .Let H be a mapping of SD BB S into R, let T be a mapping of
SD into S, and let u be a mapping of SD into R.
THEOREM 3.1. Suppose that the following conditions hold.
Ž . Ž . Ž .b1 For any kN and a BB S , there exists p k, a  0 such that
Ž . Ž .for all x, y  B 0, k D,
   max u x , y  H x , y , a T x , y ,  O a 	 p k , a ,Ž . Ž . Ž . Ž .Ž .Ž . 4Ž .k f
where the mapping f is defined as
fa x  opt u x , y H x , y , a T x , y , x S, a BB S . 4Ž . Ž . Ž . Ž .Ž .Ž .
yD
3.1Ž .
Ž .b2 There exists  such that1
 H x , y , a t H x , y , b t 	   O a, bŽ . Ž . Ž .Ž . Ž . Ž .Ž .k f
Ž . Ž . Ž .for any kN, x, y  B 0, k D, t S, and a, b BB S .
Then the functional equation
f x  opt u x , y H x , y , f T x , y , x S, 3.2 4Ž . Ž . Ž . Ž .Ž .Ž .
yD
Ž .  n 4possesses a unique solution w BB S and f a conerges to w forn N
Ž .each a BB S .
Ž . Ž .Proof. Let k be in N and let a be in BB S . It follows from b1 that
   u x , y  H x , y , a T x , y 	 p k , aŽ . Ž . Ž .Ž .Ž .
Ž . Ž . Ž .for all x, y  B 0, k D. By 3.1 we immediately conclude that f maps
Ž .BB S into itself.
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Ž .Let k be in N, let a, b be in BB S , and let x be in S. We now have to
consider two cases:
Case 1. Suppose that opt inf. Then for any  0, there exist y, zD
such that
fa x  u x , y H x , y , a T x , y   , 3.3Ž . Ž . Ž . Ž .Ž .Ž .
fb x  u x , z H x , z , a T x , z   . 3.4Ž . Ž . Ž . Ž .Ž .Ž .
Note that
fa x 	 u x , z H x , z , a T x , z , 3.5Ž . Ž . Ž . Ž .Ž .Ž .
fb x 	 u x , y H x , y , a T x , y . 3.6Ž . Ž . Ž . Ž .Ž .Ž .
Ž . Ž . Ž .By 3.4 , 3.5 , and b2 we infer that
fa x  fb x H x , z , a T x , z H x , z , b T x , z  Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .
 	 H x , z , a T x , z H x , z , b T x , z  Ž . Ž .Ž . Ž .Ž . Ž .
	    O a, b . 3.7Ž . Ž .Ž .Ž .k f
Ž . Ž . Ž .In view of 3.3 , 3.6 , and b2 , we get that
fa x  fb x H x , y , a T x , y H x , y , b T x , y  Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .
  H x , y , a T x , y H x , y , b T x , y  Ž . Ž .Ž . Ž .Ž . Ž .
   O a, b . 3.8Ž . Ž .Ž .Ž .k f
Ž . Ž .It follows from 3.7 and 3.8 that
 fa x  f b x 	    O a, b ,Ž . Ž . Ž .Ž . Ž .Ž .k f
which implies that
d fa, fb 	    O a, b .Ž . Ž .Ž .Ž .k k f
Letting  0, we obtain that
d fa, fb 	   O a, b . 3.9Ž . Ž . Ž .Ž .Ž .k k f
Case 2. Suppose that opt sup. As in the proof of Case 1, we can
Ž .conclude that 3.9 holds also. Therefore, by Theorem 2.1, f has a unique
Ž .  n 4 Ž .fixed point w BB S and f a converges to w for each a BB S .n N
Ž . Ž .That is, w x is a unique solution of the functional equation 3.2 . This
completes the proof.
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THEOREM 3.2. Suppose that the following conditions hold.
Ž . Ž . Ž .b3 For any kN and a BB S , there exists p k, a  0 such that
Ž . Ž .for all x, y  B 0, k D,
   u x , y  H x , y , a T x , y 	 p k , a .Ž . Ž . Ž .Ž .Ž .
Ž .b4 There exists  such that4
 H x , y , a t H x , y , b tŽ . Ž .Ž . Ž .
	  max d a, b , d a, fa , d b , fb , d a, fb , d b , fa 4Ž . Ž . Ž . Ž . Ž .Ž .k k k k k
Ž . Ž . Ž .for any kN, x, y  B 0, k D, t S, and a, b BB S , where the
Ž .mapping f is defined by 3.1 .
Ž . Ž .Then the functional equation 3.2 possesses a unique solution w BB S
 n 4 Ž .and f a conerges to w for each a BB S . Furthermore,n N
d f na, w 	  n c d a, faŽ . Ž .Ž .Ž .k k
Ž .for all k, nN and a BB S .
Proof. As in the proof of Theorem 3.1, we similarly obtain that f maps
Ž .BB S into itself and that
d fa, fb 	  max d a, b , d a, fa , d b , fb , d a, fb , d b , fa 4Ž . Ž . Ž . Ž . Ž . Ž .Ž .k k k k k k
Ž .for any kN and a, b BB S . Note that each fixed point of f is a
Ž . Ž .solution of the functional equation 3.2 in BB S and, conversely, each
Ž . Ž .solution of the functional equation 3.2 in BB S is a fixed point of f.
Thus Theorem 3.2 follows immediately from Theorem 2.2. This completes
the proof.
Remark 3.2. Theorems 3.1 and 3.2 extend both Theorem 3.1 of Bhakta
 and Choudhury 6 and Theorem 2.1 and Corollary 2.1 of Bhakta and
 Mitra 7 .
THEOREM 3.3. Let h ,  : SD R and T : SD S for ii i i
 41, 2, . . . , m . Suppose that:
Ž . Ž .b5 Gien kN, there exists p k  0 such that
     4max u x , y ,  x , y : i 1, 2, . . . , m 	 p k 4Ž . Ž . Ž .i
Ž . Ž .for all x, y  B 0, k D;
Ž .b6
    4max T x , y : i 1, 2, . . . , m 	 x 4Ž .i
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Ž .for all x, y  SD;
Ž .b7
m
 h x , y 	 r 1Ž .Ý i
i1
Ž .for all x, y  SD.
Then the functional equation
m
f x  opt u x , y  h x , y  opt  x , y , f T x , y , 4Ž . Ž . Ž . Ž . Ž .Ž .Ý i i i½ 5
yD i1
x S, 3.10Ž .
Ž .  4possesses a unique solution w in BB S and the sequence a con-n n N
Ž .  4verges to w for each a  BB S , where the sequence a is defined0 n n N
as
m
a x  opt u x , y  h x , y  opt  x , y , a T x , y , 4Ž . Ž . Ž . Ž . Ž .Ž .Ýn i i n1 i½ 5
yD i1
x S, nN.
Furthermore,
r n
d a , w 	  d a , a ,Ž . Ž .k n k 0 11 r
for all k, nN.
Proof. Put
m
H x , y , a T x , y  h x , y  opt  x , y , a T x , y , 4Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ýi i i i
i1
fa x  opt u x , y H x , y , a T x , yŽ . Ž . Ž . 4Ž .Ž .i
yD
Ž . Ž . Ž . Ž .for all x, y, a  SD BB S . Taking kN, x, y  B 0, k D,
Ž . Ž . Ž . Ž .and a BB S , by b5 , b6 , and b7 , we have
   u x , y  H x , y , a T x , yŽ . Ž .Ž .Ž .i
m
     	 p k  h x , y  opt  x , y , a T x , y 4Ž . Ž . Ž . Ž .Ž .Ý i i i
i1
 	 p k  r p k  sup a s : s B 0, k .Ž . Ž . Ž . Ž . 4
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This means that
     opt u x , y  H x , y , a T x , y 	 2 p k  sup a s : s B 0, kŽ . Ž . Ž . Ž . Ž . 4  4Ž .Ž .i
yD
Ž . Ž . Ž .for all kN, x B 0, k , and a BB S ; that is, f maps BB S into
Ž . Ž . Ž .itself. For kN, x, y  B 0, k D, and a, b BB S , by Lemma 1.1,
Ž . Ž .b6 , and b7 , we get that
 H x , y , a T x , y H x , y , b T x , yŽ . Ž .Ž . Ž .Ž . Ž .i i
m
  	 h x , y  opt  x , y , a T x , y 4Ž . Ž . Ž .Ž .Ý i i i
i1
 opt  x , y , b T x , y 4Ž . Ž .Ž .i i
m
   	 h x , y  a T x , y  b T x , yŽ . Ž . Ž .Ž . Ž .Ý i i i
i1
	  d a, b ,Ž .Ž .k
Ž .where  t  rt . Thus Theorem 3.3 follows from Theorem 3.2. This3
completes the proof.
From Theorem 3.3 we have
THEOREM 3.4. Let h : S D R and T : S D S for ii i
 4 Ž . Ž . Ž .1, 2, . . . , m . Suppose that b6 , b7 , and the following condition b8 hold.
Ž . Ž .b8 Gien kN, there exists p k  0 such that
 u x , y 	 p kŽ . Ž .
Ž . Ž .for all x, y  B 0, k D.
Then the functional equation
m
f x  opt u x , y  h x , y  f T x , y , x S, 3.11Ž . Ž . Ž . Ž . Ž .Ž .Ý i i½ 5
yD i1
Ž .  4possesses a unique solution w in BB S and the sequence a conergesn n N
Ž .  4to w for each a  BB S , where the sequence a is defined as0 n n N
m
a x  opt u x , y  h x , y  a T x , y ,Ž . Ž . Ž . Ž .Ž .Ýn i n1 i½ 5
yD i1
x S, nN.
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Furthermore,
r n
d a , w 	  d a , aŽ . Ž .k n k 0 11 r
for all k, nN.
Remark 3.3. Theorem 3.4 extends and improves Theorem 3.3 of Bhakta
   and Choudhury 6 and the results of Bellman 2, p. 124 and Bellman and
 Roosta 5, p. 545 .
THEOREM 3.5. Suppose that the following conditions hold.
Ž .b9    u x , y 	M xŽ .
Ž .for all x, y  SD, where M is a positie constant.
Ž .b10
   T x , y 	  xŽ . Ž .
Ž .for all x, y  SD, where  .2
Then the functional equation
f x  inf max u x , y , f T x , y , x S, 3.12 4Ž . Ž . Ž . Ž .Ž .
yD
Ž .possesses a solution w BB S that satisfies the following conditions:
Ž .  4  4b11 The sequence a conerges to w, where the sequence an n N n n N
is defined as
a x  inf u x , y ,Ž . Ž .0
yD
3.13Ž .
a x  inf max u x , y , a T x , y , nN , x S. 4Ž . Ž . Ž .Ž .n n1
yD
Ž .  4 Ž .b12 If x  S, y D and x  T x , y for all nN,0 n n N n n1 n
then
lim w x  0.Ž .n
n
Ž .b13 For all x S,
w x  0.Ž .
Ž . Ž .Furthermore, the solution w in BB S of the functional equation 3.12 is
Ž .also unique with respect to condition b12 .
Ž . Ž .Proof. For x, y, a  SD BB S . Set
H x , y , a max u x , y , a T x , y , 4Ž . Ž . Ž .Ž .
fa x  inf H x , y , a .Ž . Ž .
yD
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Ž . Ž . Ž .It is easy to see that f maps BB S into itself. Let kN, x, y  B 0, k
Ž .D, and a, b BB S . Then proceeding as in Theorem 3.1, we infer that
d fa, fb 	 d a, b ,Ž . Ž .k k
which implies that
 1 d fa, fbŽ .k
d fa, fb  Ž . Ý k 1 d fa, fb2 Ž .kk1
 1 d a, bŽ .k	   d a, b . 3.14Ž . Ž .Ý k 1 d a, b2 Ž .kk1
Ž . Ž . Ž .It follows from 3.13 , b9 , and b10 that for x S and n ,
     a x 	 inf u x , y 	M x ,Ž . Ž .0
yD
     a x  fa x 	 inf H x , y , aŽ . Ž . Ž .1 0 0
yD
   	 inf max M x , M T x , y 4Ž .
yD
     	 inf max M x , M x 	M x , 4Ž .
yD
...
       a x  fa x 	 inf u x , y , a T x , y 4Ž . Ž . Ž . Ž .Ž .n n1 n1
yD
   	 inf M x , M T x , y 4Ž .
yD
     	 inf M x , M x M x ; 4Ž .
yD
that is,
   a x 	M x 3.15Ž . Ž .n
for x S and n .
We now show by induction that for x S,
a x 	 a x 	 a x 	  	 a x 	 a x 	  . 3.16Ž . Ž . Ž . Ž . Ž . Ž .0 1 2 n n1
Clearly,
a x  inf u x , y 	 inf H x , y , a  a x .Ž . Ž . Ž . Ž .0 0 1
yD yD
ZEQING LIU544
Assume that for some nN and all x S,
a x 	 a x .Ž . Ž .n1 n
Ž . Ž .Note that for fixed x, y  SD, H x, y,  is nondecreasing. Thus we
infer easily that
a x  inf H x , y , a 	 inf H x , y , a  a x .Ž . Ž . Ž . Ž .n n1 n n1
yD yD
Ž .Hence, by the principle of finite induction, 3.16 holds.
 4 Ž Ž . .We next show that a is a Cauchy sequence in BB S , d . Taken n 
Ž . Ž .kN and x B 0, k . For any  0 and n, pN, by 3.13 , we can find
Ž .y D and x  T x, y  S such that1 1 1
1a x H x , y , a   , a x 	H x , y , a . 3.17Ž . Ž . Ž . Ž . Ž .n 1 n1 np 1 np12
Ž . Ž .It follows from Lemma 1.1, 3.16 and 3.17 that
10	 a x  a x H x , y , a H x , y , a  Ž . Ž . Ž . Ž .np n 1 np1 1 n1 2
1max u x , y , a x max u x , y , a x   4Ž . Ž . Ž . Ž . 41 np1 1 1 n1 1 2
1	 a x  a x   ;Ž . Ž .np1 1 n1 1 2
that is,
10	 a x  a x  a x  a x   . 3.18Ž . Ž . Ž . Ž . Ž .np n np1 1 n1 1 2
Ž .Proceeding in this way, we can find y D, x  T x , y  S, ii i i1 i
 42, 3, . . . , n such that
1
0	 a x  a x  a x  a x   ,Ž . Ž . Ž . Ž .np1 1 n1 1 np2 2 n2 2 22
1
0	 a x  a x  a x  a x   ,Ž . Ž . Ž . Ž .np2 2 n2 2 np3 3 n3 3 32 3.19Ž .
...
1
0	 a x  a x  a x  a x   .Ž . Ž . Ž . Ž .p1 n1 1 n1 p n 0 n n2
Ž . Ž .In view of 3.18 and 3.19 , we immediately infer that
0	 a x  a x  a x  a x   . 3.20Ž . Ž . Ž . Ž . Ž .np n p n 0 n
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Ž . Ž . Ž .By virtue of 3.15 , 3.20 , and b10 , we have
   0	 a x  a x 	 a x  a x  Ž . Ž . Ž . Ž .np n p n 0 n
   	 2 M x   2 M T x , y  Ž .n n1 n
  2  	 2 M x  	 2 M x  Ž . Ž .n1 n2
...
n   n	 2 M x  	 2 M k   .Ž . Ž .
This gives that
d a , a 	 2 M n k   .Ž . Ž .k np n
Letting  0, we have
d a , a 	 2 M n k  0 as n .Ž . Ž .k np n
 4 Ž Ž . .Thus, a is a Cauchy sequence in BB S , d and it converges ton n N
Ž . Ž Ž . . Ž .some w BB S because BB S , d is complete. It follows from 3.14
that for any nN,
d fw , w 	 d fw , fa  d a , wŽ . Ž . Ž .n n1
	 d w , a  d a , w  0 as n .Ž . Ž .n n1
Ž .Therefore w fw; that is, the functional equation 3.12 possesses a
Ž .solution w BB S .
Ž .  4We now show that b12 holds. Let x  S, y and x 0 n n N n
Ž .T x , y for all nN. It is easy to show thatn1 n
  n  x 	  x  0 as n . 3.21Ž .Ž .n 0
    Let  0. Take k x  1, where t denotes the largest integers not0
Ž . Ž .exceeding t. Then x  B 0, k for all n . By 3.15 , we haven
       w x 	 w x  a x  a x 	 d w , a M x . 3.22Ž . Ž . Ž . Ž . Ž . Ž .n n i n i n k i n
Ž . Ž .It follows from lim d w, a  0 that there is iN with d w, ai k i k i
1 1Ž .    . Using 3.21 , we can find mN such that x 	  for alln2 2 M
Ž .  Ž . nm. In view of 3.22 , we infer that w x   for all nm. That is,n
Ž .lim w x  0.n n
Ž . Ž .We next show that b13 holds. Let x S and  0. Whereas w x 
 Ž . Ž Ž ..4 Ž .inf max u x, y , w T x, y , so there are y D and x  T x, y y D 1 1 1
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S such that
1w x max u x , y , w x   . 3.23 4Ž . Ž . Ž . Ž .1 1 2
Ž .Similarly, there are also y , y , . . . , y D and x  T x , y , x 2 3 n 2 1 2 3
Ž . Ž .T x , y , . . . , x  T x , y  S such that2 3 n n1 n
1
w x max u x , y , w x   , 4Ž . Ž . Ž .1 1 2 2 22
1
w x max u x , y , w x   , 4Ž . Ž . Ž .2 2 3 3 32 3.24Ž .
...
1
w x max u x , y , w x   . 4Ž . Ž . Ž .n1 n1 n n n2
Ž . Ž .Substituting 3.24 into 3.23 , we have
1 1 1
w x  w x  max u x , y , w x    4Ž . Ž . Ž . Ž .1 1 2 2 2ž /2 2 2
1 1 1 1 1
 w x      w x     Ž . Ž .2 n n2 2ž / ž /2 2 22 2
1
 w x  1  .Ž .n nž /2
Ž .Letting n , by b12 we infer that
w x  .Ž .
Whereas  0 is arbitrary, it follows that
w x  0.Ž .
We last show that w is a unique solution of the functional equation
Ž . Ž . Ž .3.12 in BB S satisfying condition b12 . Suppose that  is another
Ž . Ž .solution of the functional equation 3.12 in BB S satisfying condition
Ž .b12 . Let x S and  0. Using the same argument as before, we can
 4  4  4  4find sequences y , z D, x , and t  S, wheren n N n n N n n  n n 
Ž . Ž .x  T x , y , t  T t , z for n  and x  t  x, such thatn n1 n n n1 n 0 0
for any i ,
1
w x max u x , y , w x   , 3.25 4Ž . Ž . Ž . Ž .i i i1 i1 i12
1
 t max u t , z ,  t   . 3.26 4Ž . Ž . Ž . Ž .i i i1 i1 i12
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Clearly, for each i  we have
w t 	max u t , z , w t , 3.27 4Ž . Ž . Ž . Ž .i i i1 i1
 x 	max u x , y ,  x . 3.28 4Ž . Ž . Ž . Ž .i i i1 i1
Ž .It follows from 3.25 that
1 1
w x max u x , y , max u x , y , w x     4Ž . Ž . Ž . Ž .0 0 1 1 2 2 2½ 5 22
1 1
max u x , y , u x , y , w x    4Ž . Ž . Ž .0 1 1 2 2 2ž /2 2
1
max u x , y , u x , y , max u x , y , w x  4Ž . Ž . Ž . Ž .0 1 1 2 2 3 3 3½ 52
1 1
  2ž /2 2
max u x , y , u x , y , u x , y , w x 4Ž . Ž . Ž . Ž .0 1 1 2 2 3 3
1 1 1
   2 3ž /2 2 2
...
max u x , y , u x , y , . . . , u x , y , w x 4Ž . Ž . Ž . Ž .0 1 1 2 n1 n n
1 1 1
    n2ž /2 22
max u x , y , u x , y , . . . , u x , y , w x 4Ž . Ž . Ž . Ž .0 1 1 2 n1 n n
1
 1  ;nž /2
that is,
1
w x max u x , y , u x , y , . . . , u x , y , w x  1  . 4Ž . Ž . Ž . Ž . Ž .0 0 1 1 2 n1 n n nž /2
3.29Ž .
ZEQING LIU548
Ž . Ž . Ž .In view of 3.26 , 3.27 , and 3.28 , we similarly conclude that
1
 t max u t , z , u t , z , . . . , u t , z ,  t  1  , 4Ž . Ž . Ž . Ž . Ž .0 0 1 1 2 n1 n n nž /2
3.30Ž .
w t 	max u t , z , u t , z , . . . , u t , z , w t , 3.31 4Ž . Ž . Ž . Ž . Ž . Ž .0 0 1 1 2 n1 n n
 x 	max u x , y , u x , y , . . . , u x , y ,  x . 3.32 4Ž . Ž . Ž . Ž . Ž . Ž .0 0 1 1 2 n1 n n
Ž . Ž .Subtracting 3.29 and 3.32 , by Lemma 1.1 we obtain that
w x  xŽ . Ž .0 0
1
max u x , y , u x , y , . . . , u x , y , w x  1  4Ž . Ž . Ž . Ž .0 1 1 2 n1 n n nž /2
max u x , y , u x , y , . . . , u x , y ,  x 4Ž . Ž . Ž . Ž .0 1 1 2 n1 n n
1
  w x  x  1 Ž . Ž .n n nž /2
1
    w x  x  w t  t  1  . 3.33Ž . Ž . Ž . Ž . Ž .n n n n nž /2
Ž . Ž .From Lemma 1.1, 3.30 , and 3.31 we have
w t  tŽ . Ž .0 0
1
max u t , z , u t , z , . . . , u t , z , w t  1  4Ž . Ž . Ž . Ž .0 1 1 2 n1 n n nž /2
max u t , z , u t , z , . . . , u t , z ,  t 4Ž . Ž . Ž . Ž .0 1 1 2 n1 n n
1
 	 w t  t  1 Ž . Ž .n n nž /2
1
   	 w x  x  w t  t  1  . 3.34Ž . Ž . Ž . Ž . Ž .n n n n nž /2
Ž . Ž .3.33 and 3.34 ensure that
1
     w x  x  w x  x  w t  t  1  .Ž . Ž . Ž . Ž . Ž . Ž .n n n n nž /2
Letting n , we get that
 w x  x 	  .Ž . Ž .
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As  0, we immediately infer that
w x  x .Ž . Ž .
This completes the proof.
Remark 3.4. Theorem 3.5 generalizes and improves Theorem 3.5 of
   Bhakta and Choudhury 6 and a result of Bellman 2, p. 149 .
Ž .QUESTION 3.1. If the functional equation 3.12 is replaced by the func-
tional equation
f x  inf min u x , y , f T x , y , x S, 3.35 4Ž . Ž . Ž . Ž .Ž .
yD
and the other assumptions of Theorem 3.5 do not change, do the conclusions
of Theorem 3.5 hold?
4. EXISTENCE THEOREMS OF COINCIDENCE
SOLUTIONS
Ž  . Ž   .In this section we assume that X,  and Y,  	 are real Banach
spaces, S X is the state space, and D Y is the decision space. Let
M, T : SD S, F, G: SD R R, and u,  : SD R. We de-
Ž .note by B S the set of all real-value bounded mappings on S. For any
Ž .a, b B S , let
 d a, b  sup a x  b x : x S . 4Ž . Ž . Ž .
ˆŽ Ž . .It is easy to verify that B S , d is a complete metric space. f , g are calledˆ
Ž .coincidence solutions of the system of functional equations 4.1 ,
f x  opt  x , y G x , y , g M x , y , x S, 4Ž . Ž . Ž .Ž .Ž .
yD
4.1Ž .
g x  opt u x , y  F x , y , f T x , y , x S, 4Ž . Ž . Ž .Ž .Ž .
yD
if the following conditions are satisfied:
fˆ x  opt  x , y G x , y , g M x , y , x S, 4Ž . Ž . Ž .Ž .Ž .ˆ
yD
ˆg x  opt u x , y  F x , y , f T x , y , x S.Ž . Ž . Ž .Ž .ˆ Ž .½ 5
yD
ZEQING LIU550
THEOREM 4.1. Suppose that the following conditions hold.
Ž .  Ž .  Ž .4 Ž . Ž .c1 max M x, y , T x, y 	  x for all x, y  S  D,
where  .3
Ž .   Ž .   Ž . 4   Ž .c2 max u x, y ,  x, y 	 x for all x, y  SD.
Ž . Ž .    Ž .    Ž .c3 0	 F x, y, z 	 z , G x, y, z 	 z for all x, y, z  S
D R.
Ž . Ž . Ž . Ž .c4 For fixed x, y  SD, G x, y,  and F x, y,  are nonin-
Ž . Ž .creasing, G x, y,  is left continuous, and F x, y,  is right continuous on R.
Then the system of functional equations
f x  inf  x , y G x , y , g M x , y , x S, 4Ž . Ž . Ž .Ž .Ž .
yD
4.2Ž .
g x  sup u x , y  F x , y , f T x , y , x S, 4Ž . Ž . Ž .Ž .Ž .
yD
Ž .possesses coincidence solutions in B S .
Proof. For any x S, put
g x  sup u x , y ,Ž . Ž .0
yD
g x  sup u x , y  F x , y , f T x , y , nN , 4Ž . Ž . Ž .Ž .Ž .2 n 2 n1
yD
4.3Ž .
f x  inf  x , y G x , y , g M x , y , n  . 4Ž . Ž . Ž .Ž .Ž .2 n1 2 n
yD
Ž . Ž .From c3 and c4 we easily conclude that for all x S and n ,
g x 	 g x 	  	 g x 	 g x 	  ,Ž . Ž . Ž . Ž .0 2 2 n 2 n2
4.4Ž .
f x  f x    f x  f x   .Ž . Ž . Ž . Ž .1 3 2 n1 2 n3
 Ž .4We now claim that for each x S, the sequences g x and2 n n 
 Ž .4   Ž .f x are bounded. Let x S and take kN with x 	 k. c22 n1 n 
 Ž .    Ž . Ž . Ž . Ž .ensures that g x 	 x . Thus, by 4.3 , c1 , c2 , and c3 we have0
     f x 	  x , y  G x , y , g M x , yŽ . Ž . Ž .Ž .Ž .1 0
       	 x  g M x , y 	 x  M x , yŽ . Ž .Ž .0
1
i  	  x .Ž .Ý
i0
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Whereas
   u x , y  F x , y , f T x , yŽ . Ž .Ž .Ž .1
1 2
i i         	 x  f T x , y 	 x   T x , y 	  x ,Ž . Ž . Ž .Ž . Ž .Ý Ý1
i0 i0
it implies that
2
i   g x 	  x .Ž . Ž .Ý2
i0
Proceeding in this way we obtain that
2n 
i i   g x 	  x 	  k , nN ,Ž . Ž . Ž .Ý Ý2 n
i0 i0
4.5Ž .
2n1 
i i   f x 	  x 	  k , n  .Ž . Ž . Ž .Ý Ý2 n1
i0 i0
 Ž .4  Ž .4Therefore, g x and f x are bounded. It follows from2 n n  2 n1 n 
Ž . Ž .  Ž .4  Ž .4 Ž .4.4 and 4.5 that g x and f x converge to g x and2 n n  2 n1 n 
Ž . Ž .   Ž .   Ž . 4f x , respectively. In view of 4.5 , we infer that max g x , f x 	
 iŽ . Ž .Ý  k ; that is, g, f B S . Definei0
A x  inf  x , y G x , y , g M x , y , x S, 4Ž . Ž . Ž .Ž .Ž .
yD
4.6Ž .
B x  sup u x , y  F x , y , f T x , y , x S. 4Ž . Ž . Ž .Ž .Ž .
yD
Ž . Ž . Ž .By virtue of 4.3 , 4.4 , and 4.6 , we conclude that for all nN and
x S,
u x , y  F x , y , f T x , y 	 g x 	 g x ,Ž . Ž . Ž . Ž .Ž .Ž .2 n1 2 n
 x , y G x , y , g M x , y  f x  f x .Ž . Ž . Ž . Ž .Ž .Ž .2 n 2 n1
Letting n , by the left and right continuity of G and F, respectively,
we infer that for all x S,
u x , y  F x , y , f T x , y 	 g x ,Ž . Ž . Ž .Ž .Ž .
 x , y G x , y , g M x , y  f x ,Ž . Ž . Ž .Ž .Ž .
which imply that for all x S,
B x 	 g x and A x  f x . 4.7Ž . Ž . Ž . Ž . Ž .
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Ž . Ž . Ž . Ž .In view of 4.4 , 4.6 , and c4 , we obtain that for all x, y  SD and
nN,
A x 	 x , y G x , y , g M x , yŽ . Ž . Ž .Ž .Ž .
	 x , y G x , y , g M x , y ,Ž . Ž .Ž .Ž .2 n
which implies that
A x 	 inf  x , y G x , y , g M x , y  f x 4Ž . Ž . Ž . Ž .Ž .Ž .2 n 2 n1
yD
for all nN and x S. As n , we have
A x 	 f x , x S. 4.8Ž . Ž . Ž .
Ž .Note that for all x, y  SD and nN,
B x  u x , y  F x , y , f T x , yŽ . Ž . Ž .Ž .Ž .
 u x , y  F x , y , f T x , y .Ž . Ž .Ž .Ž .2 n1
This gives that
B x  sup u x , y  F x , y , f T x , y  g x , x S. 4Ž . Ž . Ž . Ž .Ž .Ž .2 n1 2 n
yD
Letting n , we get that
B x  g x , x S. 4.9Ž . Ž . Ž .
Ž . Ž . Ž .By virtue of 4.7 , 4.8 , and 4.9 , we immediately infer that
B x  g x and A x  f x , x S.Ž . Ž . Ž . Ž .
Ž .It follows from 4.6 that f and g are coincidence solutions of the system
Ž .of functional equations 4.2 . This completes the proof.
By virtue of the method used to prove Theorem 4.1, we can similarly
conclude the following result.
Ž . Ž . Ž .THEOREM 4.2. Suppose that conditions c1 , c2 , and c3 in Theorem
Ž .4.1 and the following condition c5 hold.
Ž . Ž . Ž . Ž .c5 For fixed x, y  SD, G x, y,  and F x, y,  are both non-
decreasing and left continuous on R.
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Then the system of functional equations
f x  sup  x , y G x , y , g M x , y , x S, 4Ž . Ž . Ž .Ž .Ž .
yD
4.10Ž .
g x  sup u x , y  F x , y , f T x , y , x S, 4Ž . Ž . Ž .Ž .Ž .
yD
Ž .possesses coincidence solutions in B S .
Remark 4.1. Theorem 4.2 extends and improves Theorem 2.3 of Bhakta
   and Mitra 7 and Theorem 4.1 of Chang 8 .
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